






















a)A.Razmadze Mathematical Institute, GE-0193, Tbilisi, Georgia
b)Abdus Salam International Center for Theoretical Physics, Trieste, Italy
Abstract
Area non-preserving transformations in the non-commutative plane are in-
troduced with the aim to map the ν = 1 IQHE state on the ν < 1 FQHE
states. Using the hydrodynamical description of the quantum Hall fluid it is
shown, that these transformations are generated by the vector fields satisfy-
ing the Gauss law in the non-commutative Chern-Simons gauge theory and the
corresponding field-theory Lagrangian is reconstructed. It is demonstrated that
the geometric transformations induce quantum-mechanical similarity transfor-
mations, which establish the interplay between integral and fractional QHEs
Apparent similarity between integral and fractional quantum Hall ef-
fects challenges the search of the theoretical schemes which bridge the
gap between them.
One of the physically appealing models is the Jain’s composite fermion
(CF) picture [1], which links FQHE of interacting electrons to IQHE of
composite fermions. CF picture gains mathematical content in the Chern-
Simons (CS) gauge theory (see e.g. [2]): the principal role of the CS
gauge field is to attach an even number of the elementary magnetic flux
quanta to each electron, converting it to the composite particle.
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In the present note we propose to attribute a geometric meaning to
the CS vector potential, suggesting that the CS gauge field generates
mapping between areas occupied by quantum fluids of different densities.
The quantum-mechanical outcome of these geometric transformations is
the operator similarity transformations relating quantum characteristics
of the integral and fractional QHE states.
Below we consider QHE states, constituting the so called Laughlin














is the average electron density (N is # of electrons and Ω-occupied 2-
dimensional area), and nB =
B
2π is the density of quantum states per
Landau level.
The most important common feature of p = 0 and p ≥ 1 states is
that all of them are incompressible quantum fluids comprised by the lowest
Landau level (LLL) electrons. In the case of IQHE incompressibility can
be understood in terms of the completely filled LLL and Fermi statistics.









|za|2 a = 1, 2, ..., N (3)
(complex coordinates and the symmetric gauge are used).
However, at the fractional values of ν < 1, which correspond to the
partially filled LLL, the incompressibility is a non-trivial property that
originates from the inter-electron interactions [3]. The corresponding






Note an important detail: wave functions (3) and (4) both correspond to







Ω′ = (2p+ 1)Ω (5)
respectively.








ΨLLL(r1, ..., rN ) = 0, a = 1, 2, ..., N. (6)
Equations (6) may be interpreted as quantum counterparts of classical
Dirac’s second class constraints [4]
πi(a) ≡ pi(a) +Ai(ra) ≈ 0, (7)
where pi are canonical momenta, and Ai(r) =
B
2 ǫikxk-is the vector po-
tential.











We do not include the confining potential, assuming that it takes some
constant value in Ω and affects only edge states. Corresponding classical
dynamical equations are given by
x˙i(a, t) = 0. (9)
In other words, classically electrons are frozen, i.e. they occupy fixed
positions
x0i(a, t) = ai, a = 1, 2, ..., N. (10)
Assuming that the system behaves like a perfect fluid one can pass to
the hydrodynamical description [6],[7], i.e. consider the electron system





Particles are labeled by the continuous variable ξ, which is introduced via
replacement x(a, t) → x(ξ, t). Variable ξ is known as the Lagrange or
the co-moving coordinate and is usually fixed by the condition
ξi = xi(ξ, 0). (12)
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and we suppose that (13) corresponds to the IQHE state with the filling
factor ν = 1 and constant density ρ0 = nB.
In accord with the equation (10), for the real trajectories
x0(ξ, t) = ξ, (14)
and one may set, that ξ ∈ D. Consequently the occupied area is related








where 〈ρ(ξ)〉 is the microscopic density corresponding to ν = 1.
Now consider the second droplet occupying the area Ω′, assuming that
both systems contain the same quantity of the fluid. The primed system


































Transition to the primed system is realized by the means of the map
D → D′ [8]
ξi → ξ
′




In (18) fk(ξ, t) is a time-dependent vector field (here and below vector
indices are omitted when obvious).








Hydrodynamical variables of the primed system are defined as follows:
x′i(ξ
′, t) = x0i(ξ, t) + θǫikfk(ξ, t), x0i(ξ, t) ≡ ξi (20a)
x˙′i(ξ
′, t) = θǫikf˙k(ξ, t), (20b)




















In the last expression
Fik(ξ, t) = Difk(ξ, t) ≡ ∂ifk +
1
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and taking into account the definition of the filling factor, one may write
down ∫
D
d2ξǫikFik(ξ, t) = 2pΩ. (24)
Now recall equation (15) and assume that one may convert the integral
constraint (24) to the local equation
4πp〈ρ(ξ, t)〉 + ǫikDifk(ξ, t) = 0. (25)
Introducing the Lagrange multiplier f0(ξ, t) constraint (25) may be com-




























where the covariant curl
Dµfν = ∂µfν +
1
2
{fµ, fν}D, µ, ν = 0, 1, 2. (28)
The Lagrangian (27) is known as the simplectic CS Lagrangian (SCS).
In the paper [7] considering the area preserving transformations (APDs)
in R2, emerges the expression (27) with the vanishing first term in the
brackets, and and it is suggested that this Lagrangian is a truncation of
the noncommutative CS Lagrangian (NCCS).
In what follows we derive the NCCS Lagrangian considering geometric
mappings in the noncommutative space. Non-commutativity enters re-
placing Poisson brackets of two canonical variables by the Dirac brackets
[4]. In particular




and in the quantum theory one has to deal with the non commuting
coordinate operators:
[xˆi(a), xˆk(b)] = iǫikθδab. (30)
Notice, that due to the non-commutativity of coordinates, hydrodynam-
ical variables ξi have to be replaced by non-commutative quantities and


















kf(ξ) · g(ξ′)|ξ′=ξ (32)
is the Groenewold-Moyal star product.
Correspondingly, instead of the transformation (18) one has to con-
sider the operator homomorphism [9]










is denoted the symbol of the Weyl ordering.







ǫikfi(ξ, t) ⋆ f˙k(ξ, t)
]
, (35)
where the field fi(ξ, t) has to satisfy the NC analogue of (24), where
Fik(ξ, t) = θ
∫
R2




d2xD(ξ − x)fik(x, t).
The last expression may be derived by taking into consideration the area
transformation rule in the NC plane [9]. Here









and in the commutative limit (36) reduces to (23).















d2xD(ξ − x)ǫikfik(x, t) (38)




d2xD(ξ − x)ρ(x, t) (39)
corresponds to ν = 1. The non-commutative version of the Gauss law
looks like
4πpρ(x, t) + ǫikfik(x, t) = 0. (40)
Introducing the Lagrange multiplier f0(ξ, t) for the constraint (40) we

































Some comments are in order here. As we have already remarked,
in the context of QHEs this kind of Lagrangian was first introduced in
[7] on the base of APDs in the commutative plane. In our case the
underlying transformations realize mappings between different areas in
the non-commutative plane, i.e. they belong to the class of the area non-
preserving transformations. Non-commutative APDs are represented by
NC gauge transformations
fi(ξ, t)→ fi(ξ, t) +
i
2θ
ǫik(ξk ⋆ λ− λ ⋆ ξk) (43)
under which the Gauss law (40) is invariant.
Hence, the area transformation rule in the non-commutative plane
leads to the Gauss law in the NCCS gauge theory. In the complex nota-
tions (z = ξ1 + iξ2, ∂ =
1





fz ⋆ fz¯ − fz¯ ⋆ fz
)
= 2iπpρ(ξ). (44)
This non-linear equation simplifies in the holomorphic gauge fz¯ = 0,
reducing the GL to the equation
∂¯fz(ξ) = 2iπpρ(ξ). (45)
Solution to the equation (45) is given by
fz(ξ) = 2 ip∂
∫
d2ξ′ ln(z − z′)ρ(ξ′) = iS−1∂S, (46)
where the holomorphic function
S = e2p
∫
d2ξ′ ln(z−z′)ρ(ξ′), ∂¯S = 0. (47)




i) = W (S
−1)W (ξi)W (S) = W (ξi + θǫikfk(ξ)). (48)
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Expression (48) is the non-commutative space analogue of the usual coor-
dinate transformations. Later may be associated with the transformations
of the mean values
〈Φ|W (ξi)|Φ〉 → 〈Φ|W (ξ
′
i)|Φ〉 = 〈Φ|W (S
−1)W (ξi)W (S)|Φ〉. (49)
Alternatively, one may attribute geometric transformations to the map
in the Hilbert space |Φ〉 → |Φ′〉 = W (S)|Φ〉, 〈Φ| → 〈Φ|W (S−1), keeping
coordinate operators unchanged: W (ξi)→W (ξi).
In the NC plane operators zˆ and ˆ¯z are realized by






W (S) = S. (50)
Then the operator transformations
S−1 ˆ¯z S = ˆ¯z + 2iθfz(z) (51a)
S−1 zˆ S = zˆ (51b)
reproduce in the operator form the map ξi → ξ
′
i.
Now one may go back to the quantum-mechanical picture. The ref-
erence, i.e. ν = 1 QHE state is described by the wave function (3) and












, fz¯(ra) = 0. (53)
The holomorphic function


































In the alternative version transition from the ν = 1 IQHE state to the
ν = 12p+1 FQHE state is accomplished by the map










reproducing the Laughlin wave function (4). In parallel the relevant quan-
tum operators (like constraints or guiding center coordinates) have to
undergo the similarity transformations
Oˆ0 → Oˆp = SpOˆ0S
−1
p . (57)
In particular, the LLL constraint remains invariant
πˆz¯(a)→ Πˆz¯(a) = Spπˆz¯(a)S
−1
p = πˆz¯(a), (58)
thus the LLL condition is preserved:
πˆz¯Ψp = 0. (59)
Similarity transformations of the type (56) and (57) have been con-
sidered in [10] in the context of the algebraic classification of QHE states
[11],[12]. Now we see that these transformations are induced by geometric
mappings relating different quantum Hall droplets. Taking into considera-
tion the non-commutativity accompanying the LLL projection, we recover
the non-commutative Chern-Simons theory description of QHEs, thereby
corroborating the CF picture.
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